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Abstract
We demonstrate that the transfer matrix of the inhomogeneous N -state chiral Potts model
with two vertical superintegrable rapidities serves as the Q-operator of XXZ chain model for a
cyclic representation of Uq(sl2) with Nth root-of-unity q and representation-parameter for odd
N . The symmetry problem of XXZ chain with a general cyclic Uq(sl2)-representation is mapped
onto the problem of studying Q-operator of some special one-parameter family of generalized
τ (2)-models. In particular, the spin-N−12 XXZ chain model with q
N = 1 and the homogeneous
N -state chiral Potts model at a specific superintegrable point are unified as one physical theory.
By Baxter’s method developed for producing Q72-operator of the root-of-unity eight-vertex
model, we construct the QR, QL- and Q-operators of a superintegrable τ
(2)-model, then identify
them with transfer matrices of the N -state chiral Potts model for a positive integer N . We thus
obtain a new method of producing the superintegrable N -state chiral Potts transfer matrix from
the τ (2)-model by constructing its Q-operator.
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1 Introduction
The aim of this paper is to show that the transfer matrix of some inhomogeneous N -state chiral
Potts model1 (CPM) with two vertical superintegrable rapidities serves as the Q-operator of the
XXZ chain model arisen from cyclic representations of Uq(sl2) with q
N = ςN = 1 for odd N ,
where ς = q2ε+2 with ε as the parameter of N -dimensional Uq(sl2)-cyclic representations (see
(4.5) in the paper). In particular, the cyclic representation for ς = q is equivalent to the spin-
N−1
2 representation of Uq(sl2). As a consequence, the result yields the identical physical theory
about the spin-N−12 XXZ chain with q
N = 1, and the homogeneous N -state CPM at some specific
superintegrable point. In recent years, the degeneracy of the spin-12 XXZ Hamiltonian with the
extra sl2-loop-algebra symmetry was discovered and analysed in [15, 18, 19, 20, 21] when the
(anisotropic) parameter q is a root of unity. The sl2-loop-algebra symmetry was further verified
in the spin-d−12 XXZ chain with q
N = 1 for 2 ≤ d ≤ N when N is odd [35, 42]. In the present
work, we study the spin-N−12 XXZ chain with q
N = 1 restricted only in the odd N case, which
for convenience, will be loosely called the root-of-unity XXZ chain with qN = 1 throughtout the
paper. The scheme of our investigaton is to build an explicit connection between the theories of
root-of-unity XXZ chains with qN = 1 and superintegrable N -state CPM through the Q-operator
approach, while discussions in CPM and its related τ (2)-model will be understandingly valid for all
integers N ≥ 2 with no oddness restriction. Even though the spin-N−12 XXZ chain with qN = 1 and
the homogeneous N -state CPM share the same Bethe equation (up to phrase factors) [1, 6, 13], the
symmetry structures of these two models are different (though closely related): the superintegrable
CPM with Onsager-algebra symmetry [39], while the spin-N−12 XXZ chain with q
N = 1 carries the
sl2-loop-algebra symmetry. However the subtle correspondence made in [42] about the symmetry
comparison by the functional-relation method has strongly suggested that one model could possess
some additional structure which already appeared in the other one. But the conclusion was not
available within one theory alone. In the present paper we show that the connection indeed is
established for the conjectural relationship about the identical theory of superintegrable CPM and
the spin-N−12 XXZ chain with q
N = 1. The identification of these two models, not merely on
the existence of quantitative analogy between them, can provide deeper insights about natures of
these theories, e.g., the extension of the Onsager-algebra symmetry of superintegrable CPM to the
larger sl2-loop-algebra symmetry; a similar symmetry description also true for the spin-
N−1
2 XXZ
chain. The finding has now further demonstrated the universal role of CPM about the symmetry
structure of various lattice models, such as a not yet complete task of the root-of-unity XXZ spin
chains and eight-vertex model in [15, 16, 17, 21, 22, 23, 24, 25, 35, 40, 41, 42, 43, 44]. Furthermore,
the oddness restriction of N for the root-of-unity XXZ chains in this paper is purely imposed by
the technique requirement in the mathematical discussion, but not a conceptual one. Hence the
relation between sl2-loop-algebra symmetry of spin-
N−1
2 XXZ chain and Onsager-algebra symmetry
of N -state CPM could still be valid for even N if the computational techniques can be extended
(though not immediately apparent at present) to the general case.
1All the models discussed in this paper always assume with the periodic condition.
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The chiral Potts model was originally presented as an N -state one-dimensional quantum Hamil-
tonian [28, 27], a formulation implanting the character of Onsager-algebra symmetry in the theory.
Then it was formulated as a two-dimensional solvable lattice model in statistical mechanics which
satisfies the star-triangle relations [2, 33, 11]. For N = 2, it reduces the Ising model, of which
the free energy was solved by Onsager in 1944 [36]. When N ≥ 3, due to the lack of difference
property of rapidities, a characteristic feature in the study of CPM, e.g. the eigenvalues [5, 6, 34]
and the order parameter [8, 9], relies on functional relations among the CPM and various related
τ (j)-models [10]. This method stemmed from the descendent relation of CPM with the six-vertex
model in [12], where there exhibited a five-parameter Yang-Baxter solutions for the asymmetric
six-vertex R-matrix (see (2.8) in this paper), called the generalized τ (2)-model, among which are the
τ (2)-matrices parametrized by rapidities of CPM. In this work, we study the XXZ chains associated
to cyclic representations of Uq(sl2), and find that they are equivalent to some special one-parameter
family of generalized τ (2)-model, but not in common with τ (2)-matrices for the homogenous CPM
except one superintegrable point. Accordingly, the symmetry study of those XXZ chains is thus
mapped onto the functional-relation study of the corresponding τ (2)-models, hence an appropriate
Q-operator is required for this purpose. In this paper, we employ the Baxter’s techniques developed
for producing Q72-operator of the root-of-unity eight-vertex model [3] to construct the QR, QL-,
then Q-operators for a τ (2)-model corresponding to the XXZ chain for a root-of-unity Uq(sl2)-cyclic
representation, much in the same way as the Q-operator of the root-of-unity six-vertex model in
[41]. The method is successfully applied to the superintegrable τ (2)-matrix so that the homogeneous
CPM transfer matrices Tp, T̂p [10] at an arbitrary superintegrable element p are recognized as the
QR, QL-operators (up to certain normalized factors) by a correct identification of various parameters
appeared in the construction. Also, the procedure provides the reasoning for the high-genus-curve
constraint of the rapidity. We thus obtain another Q-operator method, (implicitly related to argu-
ments in [10, 12]), of creating the superintegrable CPM transfer matrix from the τ (2)-matrix. The
same procedure enables us to construct the QR, QL- and Q-operators of the τ
(2)-matrix correspond-
ing to a cyclic representation of Uq(sl2) with a Nth root-of-unity representation-parameter, then
identify them with the inhomogeneous CPM transfer matrices with two superintegrable vertical
rapidities. The inhomogeneity of CPM may suggest the possible significant role of Q-operator in
the study of generalized τ (2)-models.
This paper is organized as follows. In section 2, we briefly review the rapidity and the transfer
matrix of the N -state CPM in [10], and main features of the generalized τ (2)-model related to
the superintegrable CPM in [12] (or [39] and references therein). In section 3, we reproduce the
homogenous CPM transfer matrix as the Q-operator of the superintegrable τ (2)-matrix along the
line of Baxter’s Q72-method in [3]. We construct the QR, QL-, and Q-operators of a superintegrable
τ (2)-matrix, first in some detail for the special superintegrable element (2.14) in section 3.1, then
at a general superintegrable element (3.40) in section 3.2. The rapidity constraint of the high-
genus curve in CPM is revealed as a requirement for the commutative property of Q-matrices. In
section 4, we study the Q-operator of the XXZ chain model associated to cyclic representations
of Uq(sl2) with q a Nth root of unity, among which the spin-
N−1
2 highest-weight representation
3
appears as a special case for odd N . First in section 4.1, we illustrate that the XXZ chain model
for cyclic representations of Uq(sl2) are equivalent to a special one-parameter family of generalized
τ (2)-model. In particular, the result yields the identical theory of the spin-N−12 XXZ chain and
the homogeneous N -state CPM at one specific superintegrable point. Then in section 4.2, we
construct the Q-operator of the special generalized τ (2)-model with Nth root-of-unity parameters,
equivalently the XXZ chain for those cyclic Uq(sl2)-representations. We then identify these Q-
operators with the transfer matrix of the inhomogeneous N -state CPM with certain two vertical
superintegrable rapidities. We close in section 5 with some concluding remarks.
2 The N-state Chiral Potts Model and the Generalized τ (2)-model
This section serves as a brief introduction to the chiral Potts model and the generalized τ (2)-
model. The summary will be sketchy, but also serve to establish the notation (for more details, see
[1, 10, 12, 39] and references therein).
In this paper, CN denotes the vector space consisting of N -cyclic vectors v =
∑
n∈ZN
vn|n〉
with the basis indexed by n ∈ ZN (:= Z/NZ). We fix the Nth root of unity ω = e
2π
√−1
N , and a pair
of Weyl CN -operators, X and Z, with the relations XZ = ω−1ZX and XN = ZN = 1:
X|n〉 = |n+ 1〉, Z|n〉 = ωn|n〉 (n ∈ ZN ).
The rapidities of the N -state CMP are described by coordinates (x, y, µ) ∈ C3 satisfying the
following equations of a genus-(N3 − 2N2 + 1) curve
Wk′ : kx
N = 1− k′µ−N , kyN = 1− k′µN , (2.1)
where k′(6= ±1, 0) is the temperature-like parameter with k = √1− k′2. The elements in Wk′
will be denoted by p, q, · · ·, and its coordinates will be written by xp, yp, µp whenever if it will be
necessary to specify the element p. Denote tp = xpyp. The Boltzmann weights of the N -state CPM
are defined by coordinates of p, q ∈Wk′ with the expressions:
Wp,q(n)
Wp,q(0)
= (
µp
µq
)n
n∏
j=1
yq − ωjxp
yp − ωjxq ,
W p,q(n)
W p,q(0)
= (µpµq)
n
n∏
j=1
ωxp − ωjxq
yq − ωjyp . (2.2)
The rapidity constraint (2.1) ensures the above Boltzmann weights with the N -periodicity property
for n. Then the star-triangle relation holds:
N−1∑
n=0
W qr(j
′ − n)Wpr(j − n)W pq(n− j′′) = RpqrWpq(j − j′)W pr(j′ − j′′)Wqr(j − j′′) (2.3)
where the factor Rpqr is defined by
Rpqr =
fpqfqr
fpr
, fpq :=
(
detN (W pq(i− j))∏N−1
n=0 Wpq(n)
) 1
N
. (2.4)
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Without loss of generality, we may assume Wp,q(0) = W p,q(0) = 1. On a lattice of the horizontal
size L, the combined weights of intersection between two consecutive rows give rise to an operator
of
L⊗ CN , which defines the transfer matrix of the N -state CPM2 :
Tp(q){j},{j′} =
L∏
ℓ=1
Wp,q(jℓ − j′ℓ)W p,q(jℓ+1 − j′ℓ), (2.5)
for p, q ∈Wk′ and jℓ, j′ℓ ∈ ZN . Here the periodic condition is imposed by defining L+1 = 1, hence
Tp(q) commutes with the spatial translation
SR : |j1, . . . , jL〉 7→ |j2, . . . , jL+1〉 jℓ ∈ ZN . (2.6)
The operator T̂p = TpSR is expressed by
T̂p(q){j},{j′} =
L∏
ℓ=1
W p,q(jℓ − j′ℓ)Wp,q(jℓ − j′ℓ+1). (2.7)
The star-triangle relation (2.3) in turn yields the commuting transfer matrices for a fixed p ∈Wk′ :
[Tp(q), Tp(q
′)] = [T̂p(q), T̂p(q
′)] = 0 , q, q′ ∈Wk′ .
In the discussion of CPM as a descendent of the six-vertex model in [12], a five-parameter family
of generalized τ (2)-models was discovered as the Yang-Baxter (YB) solution for the asymmetric six-
vertex R-matrix,
R(t) =

tω − 1 0 0 0
0 t− 1 ω − 1 0
0 t(ω − 1) (t− 1)ω 0
0 0 0 tω − 1
 .
The L-operator of those τ (2)-models is a matrix of C2-auxiliary and CN -quantum space built upon
the Weyl operators X,Z with parameters α, β, γ, ̺, κ ∈ C:
L(t) =
(
1 + tκX (γ − ̺X)Z
t(α− βX)Z−1 tαγ + β̺
κ
X
)
=:
(
A B
C D
)
(t), t ∈ C, (2.8)
which satisfy the YB equation
R(t/t′)(L(t)
⊗
aux
1)(1
⊗
aux
L(t′)) = (1
⊗
aux
L(t′))(L(t)
⊗
aux
1)R(t/t′). (2.9)
Then the monodromy matrix of size L,
L⊗
ℓ=1
Lℓ(t) =
(
A(t) B(t)
C(t) D(t)
)
, Lℓ = L at site ℓ,
2We use the convention of transfer matrices in [10] where formulas (2.15a) (2.15b) are the (2.5) (2.7) here. The
transfer matrix [1](1.6) or [39] (7) is equal to (2.7) in this paper.
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again satisfies the YB equation, and the ω-twisted trace
τ (2)(t) = A(ωt) +D(ωt), (2.10)
form a family of commuting operators of the L-tensor space
L⊗ CN of CN . By
[X,A] = [X,D] = 0, XB = ω−1BX, XC = ωCX, (2.11)
X commutes with the τ (2)-matrix. The quantum determinant of the monodromy matrix is charac-
terized by rank-one property of R(ω−1) in the YB relation (2.9):
R(ω−1)(⊗Lℓ(t)
⊗
aux 1)(1
⊗
aux⊗Lℓ(ωt)) =
(1
⊗
aux⊗Lℓ(ωt))(⊗Lℓ(t)
⊗
aux 1)R(ω
−1) = detq ·R(ω−1),
with detq(= detq(⊗Lℓ)(t)) = (β̺κ +(α̺+ωβγ)t+ωαγκt2)LXL; equivalently, the following relations
hold:
B(ωt)A(t) = A(ωt)B(t), D(ωt)C(t) = C(ωt)D(t);
A(t)C(ωt) = ωC(t)A(ωt), B(t)D(ωt) = ωD(t)B(ωt),
detq = D(ωt)A(t)− C(ωt)B(t) = A(ωt)D(t)−B(ωt)C(t)
= A(t)D(ωt)− ωC(t)B(ωt) = D(t)A(ωt)− ω−1B(t)C(ωt).
(2.12)
For the τ (2)-matrix in CPM with the rapidity p = (x, y, µ) in (2.1), the parameters in (2.8) are set
by
α = −γ = −y−1, β = −ω−1̺ = −xµ
2
y2
, κ =
−µ2
y2
. (2.13)
Hence the parameters (2.8) for the superintegrable point in Wk′ :
xp = yp = η
1
2 , µp = 1, where η := (
1− k′
1 + k′
)
1
N , (2.14)
are given by −α = −β = γ = ω−1̺ = −κ = η−12 . It is known that the degeneracy of τ (2)-
eigenvalues with Onsager-algebra symmetry occurs at the superintegrable point (2.14) [38, 39].
With the variable t = η−1t, the superintegrable L-operators for an arbitrary k′ is gauge equivalent
to the one with η = 1 ([39] section 4):
L(t) =
(
1− tX (1− ωX)Z
−t(1−X)Z−1 −t+ ωX
)
=:
(
A B
C D
)
(t). (2.15)
In the next section, we produce a Q-operator of the above L-operator following Baxter’s method
of constructing Q72-operator for the eight-vertex model in [3]. The constructed Q-operator will be
identified with the CPM transfer matrix (2.5) at the superintegrable point (2.14) in a transparent
manner.
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3 The Q-operator of Superintegrable τ (2)-model and CPM Trans-
fer Matrix
In this section by Baxter’s method of producing Q72-operator in [3], we construct the QR, QL-,
then Q-operators of a homogeneous superintegrable τ (2)-model, first for the L-operator (2.15) in
section 3.1, then for a general superintegrable L-operator (3.38) in section 3.2. In doing so, we
reproduce the CPM transfer matrix [10] at an arbitrary superintegrable point.
3.1 Derivation of the CPM transfer matrix as the Q-operator of the superinte-
grable τ (2)-model
The QR-matrix associated to the L-operator (2.15) is constructed from an S-operator, which is a
matrix of the CN -auxiliary and CN -quantum space
S = (Si,j)i,j∈ZN (3.1)
with CN -operator entries Si,j. The QR-operator is defined by
QR = trCN (
L⊗
ℓ=1
Sℓ), Sℓ = S at site ℓ, (3.2)
by which, τ (2)QR = trC2⊗CN (
⊗L
ℓ=1Uℓ), where Uℓ = U at the site ℓ with the local-operator U
being a matrix of C2 ⊗ CN -auxiliary and CN -quantum space:
U =
(
AS BS
CS DS
)
.
Hereafter we write the operators A(t),B(t),C(t),D(t) simply by A,B,C,D if no confusion could
arise; while the matrix S will depend on some variable σ algebraically related to the variable t:
S = S(σ). The operator τ (2)QR will be decomposed into the sum of two matrices if we can find a
2N by 2N scalar matrix (independent of s)
M =
(
IN 0
−δ IN
)
, δ = dia[δ0, · · · , δN−1], (3.3)
so that M−1UM =
(
∗ ∗
0 ∗
)
. One can express M−1UM by3
M−1UM =
(
AδjSi,j, BSi,j
Cδi,δjSi,j, DδiSi,j
)
i,j∈ZN
.
Here the CN -operators Aη, Cξ,η, Dξ for ξ, η ∈ C associated to a L-operator in (2.8) are defined by
Aη(t) := A(t)− ηB(t), Dξ(t) := ξB(t) + D(t),
Cξ,η(t) := ξA(t) + C(t)− ξηB(t)− D(t)η.
(3.4)
3The Aδj , Cδi,δj , Dδi here are A(−δj), C(−δi,−δj), D(−δi) in [44] (3.2).
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Lemma 3.1 The operators Aη, Cξ,η, Dξ (ξ, η ∈ C) in (3.4) associated to a L-operator in (2.8) satisfy
the following commutative relations:
Cξ,η(t)X
−1Aη(ωt) = Aη(t)X
−1Cξ,η(ωt),
Cξ,η(ωt)Dξ(t) = Dξ(ωt)Cξ,η(t).
(3.5)
Proof. With the expression, Cξ,η = ξAη + C − Dη = ξA + C − Dξη, and relations, (2.11) and (2.12),
one finds
(C − Dη)(t)X−1Aη(ωt) = Aη(t)X−1(C − Dη)(ωt),
(ξA + C)(ωt)Dξ(t) = Dξ(ωt)(ξA+ C)(t).
Then follows (3.5).
Now we determine the condition of ξ, η with the singular matrix Cξ,η for the L-operator in
(2.15).
Lemma 3.2 The criterion for ξ, η with a singular matrix Cξ,η associated to the L-operator (2.15)
is ξN = ηN . When η = ω−kξ, the kernel space of Cξ,η is one-dimensional with the cyclic-vector
basis v =
∑
n∈ZN
vn|n〉 ∈ CN expressed by
vn
vn−1
=
(ω − ωnξ)(t − ωn−kξ)
(1− ωn−kξ)(t − ωnξ) (n ∈ ZN ) (3.6)
satisfying the relations
Aη(t)v(t) = (1− ω−1t) (t−ξω
−k+1)v(t)0
(ω−1t−ξ)v(ω−1t)0
Xv(ω−1t),
Dξ(t)v(t) = ω(1− t) (t−ξ)v(t)0(ωt−ξω1−k)v(ωt)0 v(ωt).
(3.7)
Similarly when η′ = ω−kξ′, the cokernel of Cξ′,η′ is the one-dimensional space with the basis element
v∗ =
∑
n∈ZN
v∗n〈n| ∈ CN∗ expressed by
v∗n
v∗n−1
=
(1− ωn−k−1ξ′)(t− ωn−1ξ′)
(1− ωn−1ξ′)(t − ωn−kξ′) (n ∈ ZN ) (3.8)
satisfying the relations
v∗(t)Aη′(t) = (1− t) (ω
−kξ′−t)v∗(t)0
(ω−1ξ′−t)v∗(ωt)0 v
∗(ωt)X,
v∗(t)Dξ′(t) = (ω − t) (ξ
′−t)v∗(t)0
(ω−k+1ξ′−t)v∗(ω−1t)0 v
∗(ω−1t).
(3.9)
Proof. By (2.15), the entries of Cξ,η are zeros except
〈n|Cξ,η|n〉 = (ξ − ω−nt)(1− ηωn), 〈n|Cξ,η|n− 1〉 = −(ξ − ω−n+1)(t − ηωn)
for n = 0, . . . , N − 1 ∈ ZN . The kernel vector v =
∑
n∈ZN
vn|n〉 and covector v∗ =
∑
n∈ZN
v∗n〈n|
of Cξ,η are determined by the relations
(ξ − ω−n+1)(t− ηωn)vn−1 = (ξ − ω−nt)(1− ηωn)vn,
(ξ − ω−n+1t)(1− ηωn−1)v∗n−1 = (ξ − ω−n+1)(t− ηωn)v∗n,
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for n = 0, . . . , N − 1. The non-zero vector condition for v is given by v0 = vN 6= 0, equivalently,∏N−1
n=0
(ξ−ω−n+1)(t−ηωn)
(ξ−ω−nt)(1−ηωn) = 1, i.e.
(tN − 1)(ξN − ηN ) = (ξN − 1)(tN − ηN )− (ξN − tN )(1− ηN ) = 0.
Hence Cξ,η is singular if and only if ξ
N = ηN , in which case the kernel of Cξ,ω−kξ is one-dimensional
space generated by the cyclic vector v ∈ CN defined in (3.6). By (3.5), for η = ω−kξ we have
Cξ,η(ω
−1t)X−1Aη(t)v(t) = Cξ,η(ωt)Dξ(t)v(t) = 0,
v∗(t)Aη(t)X
−1Cξ,η(ωt) = v
∗(t)Dξ(t)Cξ,η(ω
−1t) = 0.
As v(ω−1t) is characterized as a basis element of the kernel of Cξ,η(ω
−1t), (the same for v(ωt) as
a basis of kernel of Cξ,η(ωt)), there exist scalar functions λ(t), λ
′(t) so that the equalities hold:
Aη(t)v(t) = λ(t)Xv(ω
−1t), Dξ(t)v(t) = λ
′(t)v(ωt).
Using (3.6) and the expression of Aη, Dξ, one finds λ(t) =
(ω−t)(ξω−k−ω−1t)v(t)0
(ξ−ω−1t)v(ω−1t)0
, λ′(t) = (1−t)(ξ−t)v(t)0
(ξω−k−t)v(ωt)0
,
then follows (3.7). By a similar argument, the one-dimensional cokernel of Cξ′,ω−kξ′ is generated by
the vector v∗ ∈ CN∗ in (3.8) satisfying the relation (3.9).
Remark. When the 0th components of vectors v, v∗ in (3.6) (3.8) with k = 0, . . . , N − 1 are in the
form
v(t)0 = c(ξ)µ(t, ξ)
−(N−k+1)∏N−k
l=1 (ξ
−1t− ωl),
v∗(t)0 = c∗(ξ′)µ∗(t, ξ′)N−k+1
∏N−k
l=0 (1− ξ′−1tω−l)−1,
(3.10)
with the functions µ(t, ξ), µ∗(t, ξ′) satisfying µ(ωt, ξ) = ωµ(t, ξ), µ∗(t, ωξ′) = ωµ∗(t, ξ′), the
relations (3.7), (3.9) become
Aη(t)v(t) = (1− ω−1t)Xv(ω−1t), Dξ(t)v(t) = ω(1− t)v(ωt);
v∗(t)Aη′(t) = (1− t)v∗(ωt)X, v∗(t)Dξ′(t) = (ω − t)v∗(ω−1t).
(3.11)
For example, the condition (3.10) holds for v(t)0 = ξt
−1∏N−k
l=1 (ξt
−1 − ω−l), v∗(t)0 = ∏N−kl=0 (1 −
ξ′t−1ωl)−1.
We shall consider only the cyclic vectors v, v∗ in (3.6), (3.8) which satisfy the condition (3.10).
These vectors depend on the parameter ξ, ξ′ and k ∈ ZN , and will be denoted by v(t) = v(t; ξ, k) ∈
C
N and v∗(t) = v∗(t; ξ′, k) ∈ CN∗. By (3.6), Xiv(t; ξ, k) is proportional to v(t;ω−iξ, k) with the
0th component (Xiv(t; ξ, k))0 satisfying the relation (3.10) for ω
−iξ. We now determine the form
of c(ξ) in (3.10) so that the equality holds:
Xiv(t; ξ, k) = v(t;ω−iξ, k), i ∈ ZN .
It suffices to consider the case i = −1, which by (3.6), is equivalent to
c(ωξ) =
(1− ξ)
(1− ω1−kξ)c(ξ), µ(t, ωξ) = ω
−1µ(t, ξ).
9
Up to ξN -function multiples, c(ξ) is equal to
∏N−k
l=0 (1− ωlξ)−1. Hence we may assume
v(t; ξ, k)0 = µ
−(N−k+1) 1
1− ξ
N−k∏
l=1
ξ−1t− ωl
1− ωlξ . (3.12)
Here µ = µ(t, ξ) is a variable algebraically depending on (t, ξ) so that µ(t, ω−1ξ) = µ(ωt, ξ) =
ωµ(t, ξ). Similarly, the covector v∗(t; ξ′, k) with
v∗(t; ξ′, k)X−i = v∗(t; ξ′ω−i, k)
has the 0th component (3.10) expressed by
v∗(t; ξ′, k)0 = µ∗(t, ξ′)N−k+1
1
1− ξ′−1t
N−k∏
l=1
ξ′ − ω−l+1
1− ω−lξ′−1t , (3.13)
where µ∗(t, ω−1ξ′) = µ∗(ωt, ξ′) = ωµ∗(t, ξ′). Furthermore, we shall require {v(t; ξ, k)}k , {v∗(t; ξ′, k)}k
to be N -periodic for integers k, equivalently, the variables µ = µ(t, ξ), µ∗ = µ∗(t, ξ′) with the re-
lations
(ξ−1t)N − 1 = µN (1− ξN ), µ∗N (ξ′N − 1) = 1− (ξ′−1t)N , (3.14)
i.e., {v(t; ξ, k)0}k∈ZN , {v∗(t; ξ′, k)0}k∈ZN are cyclic N -vectors.
There exists a connection between the cyclic vectors v(t; ξ, k), v∗(t; ξ′, k) when the parameters
ξ, ξ′ are related by ξξ′ = t, in which case one finds
v−n+k(t; ξ, k)
v−n+k+1(t; ξ, k)
=
(1− ωn−k−1ξ′)(ξ − ωn−1)
(1− ωn−1ξ′)(ξ − ωn−k) =
v∗n(t; ξ′, k)
v∗n−1(t; ξ′, k)
,
equivalently, the covector v∗(t; ξ′, k) is proportionally related to the transport of v(t; ξ, k) by
v∗(t; ξ′, k)t ∼ XkJv(t; ξ, k), ξξ′ = t,
where J is the CN -automorphism defined by (Jv)n = v−n for n ∈ ZN . By (3.6) and (3.12),
(XkJv(t; ξ, k))0 = v(t; ξ, k)k
= µ(t,ξ)
−(N−k+1)
(1−ξ)
∏N−k
l=1
ξ−1t−ωl
1−ωlξ
∏k
l=1
(ω−ωlξ)(t−ωl−kξ)
(1−ωl−kξ)(t−ωlξ) ,
then by (3.13) (3.14) and with the identification µ∗ = (ωµ)−1 in (3.14), one finds
1
v(t; ξ, 1)1
XkJv(t; ξ, k) = (ξ′ − ω)v∗(t; ξ′, k)t.
Hereafter we will make the identification
ξ = x, ξ′ = y, ξξ′ = t, µ∗ = (ωµ)−1, (3.15)
the relation (3.14) defines the algebraic surface:
S : yN − 1 = µN (1 − xN ), σ = (x, y, µ) ∈ C3 with t := xy. (3.16)
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The element with x = y = µ = 1 will be denoted by
1 = (1, 1, 1).
We shall use the Greek letters σ, σ′, · · · to denote the surface elements in S. For later use, we
consider the following automorphisms of surface S,
U1 : (x, y, µ) 7→ (ωx, y, ω−1µ), U2 : (x, y, µ) 7→ (x, ωy, ωµ),
V : (x, y, µ) 7→ (ωx, ω−1y, ω−1µ), U : (x, y, µ) 7→ (ωx, y, µ),
C : (x, y, µ) 7→ (y, x, µ−1).
(3.17)
Now the vectors (3.6) (3.8) with the 0th component, (3.12) and (3.13) respectively, depend on the
surface element σ in (3.16) and k ∈ ZN , and we shall also write
v(σ; k) = v(t; ξ, k) ∈ CN , v∗(σ; k) = v∗(t; ξ′, k) ∈ CN∗.
Define the functions of S:
Wσ(n) = µ
−n
n∏
l=1
y− ωl
1− ωlx , Wσ(n) = µ
n
n∏
l=1
(ω − ωlx)
(y− ωl) (σ ∈ S), (3.18)
which satisfy the N -periodic condition for n, hence n ∈ ZN , and Wσ(0) = Wσ(0) = 1. By (3.6) and
(3.12), the vector v(σ; k) is expressed by
µ(1− x)vn(σ; k) = Wσ(n)Wσ(n− k). (3.19)
Also, by (3.8) and (3.13), one can express v∗(σ, k) in terms of Wσ(n), Wσ(n) in (3.18) by
(y − ω)v∗n(σ; k) = Wσ(−n)Wσ(k − n)/Wσ(1). (3.20)
Note that (y − ω)Wσ(1) = ωµ(1− x).
We now use cyclic vectors v(σ; k), v∗(σ; k) to construct the QR, QL-operators. Set the diagonal
matrix δ in (3.3) by
δi = ω
−ix, i = 0, . . . , N − 1, (3.21)
and the CN -operator Si,j(= Si,j(σ)) for i, j ∈ ZN by
Si,j = vi,jτi,j, vi,j = X
iv(σ; j − i)(= v(V −iσ; j − i)), τi,j ∈ CN∗. (3.22)
Here v(σ; k) is the cyclic vector in (3.19), and τi,j is the parameter independent of σ. By the first
two relations in (3.11), the QR-operator defined by (3.2) satisfies the TQ-relation
τ (2)(ω−1t)QR(σ) = (1− ω−1t)LXQR(U−12 σ) + ωL(1− t)LQR(U2σ), (3.23)
where U2 is the automorphism defined in (3.26). We follows Baxter’s mechanism in [3] to construct
the companion of QR, the QL-operator, where the diagonal matrix δ in (3.3) is set by
δi = ω
−iy, i = 0, . . . , N − 1. (3.24)
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Define the CN -operators Ŝi,j(= Si,j(σ)) for i, j ∈ ZN :
Ŝi,j = τ̂i,j v̂i,j, v̂i,j = v
∗(σ; j − i)X−i(= v∗(V iσ; j − i)), τ̂i,j ∈ CN , (3.25)
and the QL-operator
QL(σ) =
∑
iℓ∈ZN
⊗Lℓ=1Ŝiℓ,iℓ+1(σ), (L+ 1 = 1).
By the last two relations in (3.11), the following QT -relation holds
QL(σ)τ
(2)(ω−1t) = (1− t)LQL(U1σ)X + (ω − t)LQL(U−11 σ). (3.26)
Note that the automorphism U1 in (3.26) is different from the U2 in (3.23). As in [4] (C28), we
shall construct the Q-operator from QR and QL using the relation QL(σ)QR(σ
′) = QL(σ
′)QR(σ),
which unfortunately fails for arbitrary σ, σ′ ∈ S. Nevertheless we shall look for the condition of
σ, σ′ so that the commutative relation holds. Indeed, by the identification of variables,
x = η
−1
2 xq, y = η
−1
2 yq, µ = µq, (3.27)
where η is defined in (2.14), one may consider the curve (2.1) contained in the surface S (3.16)
with equations invariant under automorphisms in (3.17):
Wk′ : (1− k′)xN = 1− k′µ−N , (1− k′)yN = 1− k′µN . (3.28)
In this way, the surface S is decomposed as the family of curves Wk′ with the complex parameter k
′.
The base point 1 ∈ S is the superintegrable element p in (2.14). Through the identification (3.27),
(3.28) and (2.1) are regarded as two coordinate-systems of the same curve Wk′ , whose elements
will be denoted by Roman letters q, p, ... with coordinates q = (xq, yq, µq) in (2.1), and by letters
σ, p, ... with the coordinates σ = (x, y, µ) in (3.28). For an element σ = q ∈ Wk′ , the Boltzmann
weights (2.2) with p in (2.14) coincide with those in (3.18):
Wp,q(n) = Wσ(n), W p,q(n) = Wσ(n). (3.29)
For σ = (x, y, µ), σ′ = (x′, y′, µ′) ∈Wk′ , the Boltzmann weights in (3.17) become
Wσ,σ′(n) = (
µ
µ′
)n
n∏
j=1
y′ − ωjx
y− ωjx′ , Wσ,σ′(n) = (µµ
′)n
n∏
j=1
ωx− ωjx′
y′ − ωjy . (3.30)
We now show
QL(σ)QR(σ
′) = QL(σ
′)QR(σ) σ, σ
′ ∈Wk′ . (3.31)
Indeed we shall indicate the curve Wk′ as the constraint condition for the above commutative prop-
erty. Using the Baxter’s method in [7, 10, 41], we consider the product function: f(σ, σ′|i, j; k, l) =
v̂i,j(σ)vk,l(σ
′), and look for an auxiliary function p(σ, σ′|n) for n ∈ ZN such that
p(σ, σ′|i− k)f(σ, σ′|i, j; k, l)p(σ, σ′ |j − l)−1 = f(σ′, σ|i, j; k, l). (3.32)
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By (3.19) and (3.20), one finds
ωµµ′(1− x)(1− x′)f(σ, σ′|i, j; k, l)
=
∑
n∈ZN
Wσ(j − n)Wσ(i− n)Wσ′(n− k)Wσ′(n− l)
= N
∑
n∈ZN
Vσ,σ′(i, k;n)Vσ′ ,σ(−l,−j;n),
where Vσ,σ′(i, k;n) :=
1
N
∑
m∈ZN
ωnmWσ(i −m)Wσ′(m − k) ( [10] (2.29)). In order to verify (3.32),
it suffices to find another auxiliary function p(σ, σ′|n) for n ∈ ZN such that its Fourier transform
p(f)(σ, σ′|n)(= ∑N−1k=0 ωnkp(σ, σ′|n)) satisfies the relations for n ∈ ZN ,
p(σ, σ′|i− k)Vσ,σ′ (i, k;n) = Vσ′,σ(i, k;n)p(f)(σ, σ′|n).
By summing up above relations for n ∈ ZN , the substitution, i = j − j′, k = j′′ − j′, in turn yields
the following constraint of p(σ, σ′|n), p(σ, σ′|n)’s:
Wσ(j − j′)Wσ′(j′ − j′′)p(σ, σ′|j − j′′) =
∑
n∈ZN
Wσ′(j − n)Wσ(n− j′′)p(σ, σ′|j′ − n),
which is the star-triangle relation (2.3) with p corresponding to 1 and
p(σ, σ′|n) = Wσσ′(n), p(σ, σ′|n) = R−1pσσ′Wσσ′(n), σ, σ′ ∈Wk′ .
By this, follows the relation (3.32) ( [10] (2.30)), hence (3.31). Note that QR, QL take the ∞-value
at the base element 1. For convenience, we multiple the operators QR, QL by normalized factors,
Q˜R(σ) = µ
L(1− x)LQR(σ), Q˜L(σ) = ωLµL(1− x)LQL(σ),
so that the commutative relation (3.31) still holds:
Q˜L(σ)Q˜R(σ
′) = Q˜L(σ
′)Q˜R(σ), σ, σ
′ ∈Wk′ . (3.33)
Define the Q-operator
Q(σ) = Q˜R(σ)Q˜R(1)
−1 = Q˜L(1)
−1Q˜L(σ), σ ∈Wk′ , (3.34)
when both Q˜R(1), Q˜L(1) are non-singular. Note that the Q-operator is independent of the choice
of parameters τi,j, τ̂i,j in (3.22), (3.25) regardless of Q˜R, Q˜L depending on them. By (3.33) and
(3.23), one finds [Q(σ), Q(σ′)] = [τ (2)(t), Q(σ′)] = 0, and the TQ-relation
τ (2)(ω−1t)Q(σ) = (1− ω−1t)LωLXQ(U−12 σ) + (1− t)LQ(U2σ). (3.35)
We now specify convenient parameters τi,j, τ̂i,j for the explicit expression of the above Q-operator.
Set τi,j = 〈j|, τ̂i,j = |j〉 in (3.22) (3.25), i.e.
Si,j = X
iv(σ; k)〈j|, Ŝi,j = |j〉v∗(σ; k)X−i, (k = j − i ∈ ZN ). (3.36)
By (3.22) and (3.36), XSi,j(σ)X
−1 = Si+1,j+1(σ), X
kSi,j(σ) = Si,j(V
−kσ), which imply
XQR(σ) = QR(σ)X, X
kQR(σ) = QR(V
−kσ). (3.37)
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One can write a matrix expression of the Q˜R-operator using Wσ, Wσ in (3.18). Indeed by (3.36),
QR(σ)|j′1, . . . , j′L〉 = ⊗Lℓ=1Xj
′
ℓ−1v(σ; j′ℓ − j′ℓ−1) with L+ ℓ = ℓ. The relation (3.19) yields
〈j1, . . . , jL|Q˜R(σ)|j′1, . . . , j′L〉 =
L∏
ℓ=1
Wσ(jℓ − j′ℓ)Wσ(jℓ+1 − j′ℓ).
Similarly, the relations, XŜi,j(σ)X
−1 = Ŝi+1,j+1(σ) and Ŝi,j(σ)X = Ŝi,j(V
−1σ), yield XQL(σ) =
QL(σ)X, QL(σ)X
k = QL(V
−kσ). Using (3.20), one finds
〈j1, . . . , jL|Q˜L(σ)|j′1, . . . , j′L〉 =
L∏
ℓ=1
Wσ(jℓ − j′ℓ)Wσ(jℓ − j′ℓ+1‘),
By (3.29), Q˜R and Q˜L coincide respectively with the transfer matrices (2.5) (2.7) in CPM at the
superintegrable point 1:
Q˜R(σ) = T1,σ, Q˜L(σ) = T̂1,σ.
When σ = 1, W1(n) = 1, W1(n) = δn,0 for n ∈ ZN , hence Q˜L(1) = Id, and the Q-operator (3.34) is
related to the CPM transfer matrix by Q(σ) = T̂1,σ for σ ∈Wk′ . By (3.37), the TQ-relation (3.35)
is equivalent to the following form ([10] (4.20), [39] (52)4)
τ (2)(ω−1t)QR(σ) = (1− ω−1t)LQR(U−1σ) + (1− t)LωLXQR(Uσ)
where U is the automorphism in (3.17).
3.2 The Q-operator of the general superintegrable τ (2)-model
The construction of QR, QL and Q-operators of τ
(2)-model at the superintegrable point (2.14) can
be carried over to other superintegrable elements p with (xp, yp, µp) = (η
1
2ωa, η
1
2ωb, ωc), where the
L-operators (2.8) with the parameter in (2.13) for all η are gauge equivalent to
L(t) =
(
1− tω2cX (1− ω1+m+2cX)Z
−t(1− ωm+2cX)Z−1 −t+ ω1+2m+2cX
)
(3.38)
with t = tη−1ω−2b,m = a− b. The change of coordinates5
x = η
−1
2 ω−bxq, y = η
−1
2 ω−byq, µ = µq, (3.39)
provides two coordinate systems, (3.28) and (2.1), for the curve Wk′ in the surface S with the
superintegrable element
p : (x, y, µ) = (ωm, 1, ωc) ⇐⇒ p : (xp, yp, µp) = (η
1
2ωa, η
1
2ωb, ωc), (3.40)
4The NLQcp(q) in [39] is equal to µ
L(1− xN )LQR(σ)SR here.
5For the other type of superintegrable elements, p = (xp, yp, µp) = (η
−1
2 ωa, η
−1
2 ωb, (−1)
1
N ωc), instead of (3.39)
we consider the change of coordinates: (x, y, µ) = (η
1
2ω−bxq, η
1
2ω−byq, (−1)
−1
N µq). In this way, the curve Wk′ in
(2.1) is identified with W−k′ in (3.28) with p corresponding to p in (3.40).
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where m := a − b. We now consider the operator Aη, Cξ,η, Dξ (ξ, η ∈ C) in (3.4) associated to a
L-operator (3.38). The Lemma 3.2 is still valid by replacing (3.6) (3.8) respectively by
vn
vn−1 = ω
2c (ω
m+1−ωnξ)(t−ωm+n−kξ)
(1−ωn−kξ)(t−ωnξ) ,
v∗n
v∗n−1 = ω
−2c (1−ω
n−k−1ξ′)(t−ωn−1ξ′)
(ωm−ωn−1ξ′)(t−ωm+n−kξ′) ,
and (3.7), (3.9) by
Aω−kξ(t)v(t) = (1− ω−m−1t)ω
2c+m+1(t−ωm−k+1ξ)v0(t)
(t−ωξ)v(ω−1t)0
Xv(ω−1t),
Dξ(t)v(t) = (ω
m − t) (t−ξ)v(t)0
(t−ωm−kξ)v(ωt)0
v(ωt);
v∗(t)Aω−kξ′(t) = (1− ω−mt)ω
2c+m(ωm−kξ′−t)v∗0(t)
(ω−1ξ′−t)v∗(ωt)0 v
∗(ωt)X,
v∗(t)Dξ′(t) = (ω
1+m − t) (ξ′−t)v∗(t)0
(ωm+1−kξ′−t)v∗(ω−1t)0 v
∗(ω−1t).
With ξ, ξ′ identified with x, y as in (3.15), the cyclic vectors, v(σ; k) in (3.19) and v∗(σ; k) in (3.20),
are given by the following general form
µ1+m+2c(ωm − x)vn(σ; k) = Wpσ(n)Wp,σ(n− k)/Wp,σ(−m),
µm+2c(y− ω1+m)v∗n(σ; k) = Wpσ(−n)Wpσ(k − n)/Wpσ(1 + m),
(3.41)
for σ in the surface S (3.16), where Wσσ′ , Wσσ′ are defined in (3.30). Note that the following equality
holds among the factors in above vectors:
µm+2c(y− ω1+m)Wpσ(1 +m) = ωc(2m+1)+m(m+1)+1µ1+m+2c(ωm − x)Wp,σ(−m).
With the same argument in the previous subsection, we construct QR, QL-operators using the
S, Ŝ-matrices in (3.22), (3.25), then identify the Q-operator with the CPM transfer matrix at the
superintegrable point p in (3.40). We summarize the conclusion as follows.
Theorem 3.1 Let τ (2)(t) be the matrix (2.10) associated to L-operator (3.38) at the superinte-
grable element p in (3.40), and Tp, T̂p be the CPM transfer matrices in (2.5), (2.7) (through the
identification Wp,q = Wpσ,W p,q = Wpσ). Then the QR, QL-operators for the τ
(2)-matrices are given
by
QR(σ) =
Tp(σ)
µ1+m+2c(ωm − x)Wp,σ(−m) , QL(σ) =
T̂p(σ)
µm+2c(y − ω1+m)Wpσ(1 + m)
for σ ∈ S, which satisfy the TQ-relation:
τ (2)(ω−1t)QR(σ) = (1− ω−m−1t)LXQR(U−12 σ) + ω(2c+m+1)L(ωm − t)LQR(U2σ),
QL(σ)τ
(2)(ω−1t) = (1− ω−mt)LQL(U1σ)X + ω(2c+m)L(ω1+m − t)LQL(U−11 σ),
(3.42)
where U1, U2 are automorphisms in (3.17). The relation (3.31), QL(σ)QR(σ
′) = QL(σ
′)QR(σ),
holds when σ, σ′ are in a CPM curve Wk′, and the Q-operator defined by the normalized QR, QL-
operators in (3.34) is equal to the CPM transfer matrix at the superintegrable point p: Q(σ) =
T̂p,σ = Tp,σSR for σ ∈Wk′.
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It is known that the CPM possesses the Onsager-algebra symmetry for the superintegrable point
1 [39]; the same is also true for the superintegrable CPM at an arbitrary superintegrable point in
the above theorem. Indeed, as σ tends to p in Wk′ by setting x = ω
m(1− 2k′ǫ+O(ǫ2)) with small
ǫ, to the first order, one has y = 1 + 2k′ǫ, µ = 1 + 2(k′ − 1)ǫ, and T̂p-expression for the Q-operator
near p ( [1] (1.11)-(1.17) ):
T̂p(σ) = 1{1 + (−1)m(N − 1− 2m)Lǫ}+ ǫH +O(ǫ2)
where H is the Hamiltonian expressed by
H = k′H0 +H1 = (−1)m+1
(
k′
N−1∑
n=1
2ωn(m+2c)
1− ω−n
L∑
ℓ=1
Xnℓ +
N−1∑
n=1
2ωnm
1− ω−n
L∑
ℓ=1
Znℓ Z
−n
ℓ+1
)
.
The above Hamiltonian with m = c = 0 was first found in [27], where the operators H0,H1 were
shown to satisfy the Dolan-Grady relation, hence give rise to a representation of Onsager algebra.
Indeed, the same argument also applies to the above Hamiltonian H for two arbitrary integers m, c,
hence the same conclusion holds for the Onsager-algebra representation using the Dolan-Grady pair,
H0 and H1. Therefore one obtains the Onsager-algebra symmetry of the superintegrable τ
(2)-model
(3.38) by the same arguments as the case m = c = 0 in [39]. Then the TQ-relation (3.42) yields
the following Bethe equation for the τ2-model:
(1− ω−mti)L
(1− ω−m−1ti)L = −ω
−(2c+2m+1)L+QF (ω
−1ti)
F (ωti)
(3.43)
for i = 1, . . . , J , where F (t) :=
∏J
j=1(1− t−1j t) .
4 The Q-operator of XXZ Chain at a Root of Unity
In this section, we employ the theory of cyclic representations of quantum algebra Uq(sl2) at Nth
root-of-unity q to study the transfer matrix of XXZ chain, and establish an equivalent relationship
between these models and an one-parameter family of generalized τ (2)-model. For the case of
cyclic representations with Nth root-of-unity representation-parameter for odd N , we construct
the Q-operator for the corresponding τ (2)-model then identify it with the (inhomogeneous) CPM
transfer matrices for two vertical superintegrable rapidities. In particular, for the special cyclic
representation describing the spin-N−12 representation of Uq(sl2), the result provides the identical
theory between the root-of-unity XXZ chain of spin-N−12 and the homogeneous superintegrable
CPM at a specific point.
4.1 XXZ chain, cyclic representations of Uq(sl2) and generalized τ
(2)-model
The quantum algebra Uq(sl2), i.e. the associated C-algebra generated byK
±1
2 , e± with the relations
K
1
2K
−1
2 = K
−1
2 K
1
2 = 1 and
K
1
2 e±K
−1
2 = q±1e±, [e+, e−] =
K −K−1
q− q−1 , (4.1)
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arises from the theory of six-vertex model as the YB solution for the R-matrix
R6v(s) =

s−1q− sq−1 0 0 0
0 s−1 − s q− q−1 0
0 q− q−1 s−1 − s 0
0 0 0 s−1q− sq−1

[26, 30, 31, 32]. The solution, called the L-operator, is the matrix with entries in Uq(sl2),
L(s) =
(
A(s) B(s)
C(s) D(s)
)
:=
(
sK
−1
2 − s−1K 12 (q− q−1)e−
(q− q−1)e+ sK 12 − s−1K −12
)
(4.2)
for s ∈ C, which satisfies the YB equation
R6v(s/s
′)(L(s)
⊗
aux
1)(1
⊗
aux
L(s′)) = (1
⊗
aux
L(s′))(L(s)
⊗
aux
1)R6v(s/s
′). (4.3)
Indeed, the YB constraint (4.3) for L in the form (4.2) is equivalent to the relation (4.1) for the
algebra Uq(sl2). Since (4.3) is still valid when changing the variable s by λs using a non-zero
complex λ, the matrix L(s) = r(L(λs)) for a representation r : Uq(sl2) −→ End(Cd) becomes a L-
operator with C2-auxiliary and Cd-quantum space satisfying the YB relation (4.3). In particular,
for λ = q
d−2
2 and r the spin-d−12 (highest-weight) representation of C
d = ⊕d−1k=0Cek:
K
1
2 (ek) = q
d−1−2k
2 e
k, e+(ek) = [k]ek−1, e−(ek) = [d− 1− k]ek+1, (4.4)
where [n] = q
n−q−n
q−q−1 and e
+(e0) = e−(ed−1) = 0, one obtains the well-known L-operator of XXZ
chain of spin-d−12 (see, e.g. [29, 41, 42, 44] and references therein). Using the local L-operator (4.2),
one constructs the monodromy matrix
⊗L
ℓ=1Lℓ(s) with entries in (
L⊗
Uq(sl2))(s),
L⊗
ℓ=1
Lℓ(s) =
(
AL(s) BL(s)
CL(s) DL(s)
)
again satisfying (4.3). Denote the leading and lowest terms of entries of the above monodromy
matrix,
A± = lims±→∞(±s)∓LAL(s), B± = lims±→∞(±s)∓(L−1) BL(s)q−q−1 ,
C± = lims±→∞(±s)∓(L−1) CL(s)q−q−1 , D± = lims±→∞(±s)∓LDL(s),
by
q±S
z
= A∓ = D±, T
− = B+, S
− = B−, S
+ = C+, T
+ = C−.
The above elements give rise to the infinite-quantum-algebra Uq(ŝl2) with the identification:
k−10 = k1 = q
2Sz , e0 = T
−, f0 = T
+, e1 = S
+, f1 = S
−.
When applying a Uq(sl2)-representation and scaling the variable s by λs, the traces, trC2
⊗L
ℓ=1Lℓ(s),
form a commuting family for all s, which gives rise to the transfer matrix of XXZ chain. In par-
ticular, by employing the spin-d−12 representation of Uq(sl2) and setting λ = q
d−2
2 , one obtains the
commuting
L⊗ Cd-operator for the spin-d−12 XXZ model (see, e.g. [42] section 4.2).
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In the root of unity case when q is a Nth primitive root-of-unity q, as in the study of root-of-
unity spin-12 XXZ chain in [15], the normalized Nth power of S
±, T±, S±(N) = S
±N
[N ]! , T
±(N) = T
±N
[N ]!
( [N ]! :=
∏N
i=1[i]), and
2Sz
N
generate the sl2-loop-algebra by
−H0 = H1 = 2S
z
N
; E0 = T
−(N), E1 = S
+(N), F0 = T
+(N), F1 = S
−(N).
Using the above relation, one can relate the finite algebra Uq(sl2) to the affine loop algebra of
sl2. We now consider the cyclic representations ρε of Uq(sl2), labelled by an arbitrary complex
parameter ε (see, e.g. [14] and references therein), where the ρε-states are N -cyclic vectors in C
N
with the Uq(sl2)-action:
K|n〉 = q−2n|n〉, e±|n〉 = q
ε±n − q−ε∓n
q− q−1 |n∓ 1〉, n ∈ ZN . (4.5)
The matrix L(s) = ρεL(s) is the L-operator for the transfer matrix of the XXZ chain with the
cyclic representation ρε,
T (s) = ρε
(
tr
C
2
L⊗
ℓ=1
Lℓ
)
(s). (4.6)
Note that T (s) commutes with K(:= ⊗ℓKℓ, the product of local K’s).
We now consider the cases for odd N = 2M+1. First, we note that the spin-N−12 representation
(4.4) can be regarded as the cyclic representation ρε=M (i.e. q
ε = q
−1
2 ), where the basis elements
e
k in (4.4) are identified with |−M +k〉 in (4.5) for k = 0, . . . , N −1. Now we choose the primitive
Nth root-of-unity q with q−2 = ω. One can use the Weyl operators X,Z to present the cyclic
representation (4.5): K = Z , (q − q−1)e± = (qε+1Z∓ 12 − q−ε−1Z± 12 )X∓1; so is the L-operator
L(s)(= ρεL(s)):
L(s) = −s−1Z 12
(
1− s2Z−1 −sqε+1(1− q−2ε−2Z−1)X
sq−ε−1(1− q2ε+2Z−1)X−1 −s2 + Z−1
)
.
Therefore −sK −12 L(s) is gauge equivalent to(
1− tZ−1 (1− q−2ε−2Z−1)X
−s2(1− q2ε+2Z−1)X−1 −t+ Z−1
)
.
Since the pair of Weyl operators Z−1,X can be converted to X,Z through the change of CN -basis
|n〉′ = 1
N
∑
j∈ZN
ω−nj|j〉:(
Z−1
X |0〉′, · · · , Z
−1
X |N − 1〉′
)
=
(
|0〉′, · · · , |N − 1〉′
)
X
Z , (4.7)
the above matrix is isomorphic to the L-matrix (2.8) of τ (2)-model with −α = γ = −κ = 1, ̺ =
ς−1,−β = ς ∈ C, i.e., −sK −12 L(s) is equivalent to
L(t) =
(
1− tX (1− ς−1X)Z
−t(1− ςX)Z−1 −t+X
)
, ς ∈ C (4.8)
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where t = s2 and ς := q2ε+2. Note the L-operators in (4.8) differ from τ (2)-models of homogeneous
CPM (2.13) except only at ς = ω
−1
2 (= ωM ), equivalently qε = q
−1
2 , which corresponds to the
spin-N−12 representation (4.4) where L(q
N−2
2 s) is the L-operator for the spin-N−12 XXZ chain in
[42]. Furthermore, (4.8) with ς = ωM is the same as the superintegrable τ (2)-model (3.38) (with
m = M, c = 0) at p = (ωM , 1, 1), whose Q-operator is the CPM transfer matrix at p by Theorem
3.1. Hence we obtain the following result.
Theorem 4.1 Let L(s) = ρεL(s) is the L-operator for the transfer matrix T (s) (4.6) of XXZ chain
associated to the cyclic representation ρε of Uq(sl2) for the N th root-of-unity q = ω
−1
2 with odd
N = 2M+1. Then −sK −12 L(s) is equivalent to the L-operator (4.8) of the τ (2)-model parametrized
by ς ∈ C. Under the conjugation of local-basis change in (4.7), one has the identification
−sLK −12 T (s) ≡ τ (2)(ω−1t), t = s2, ς = q2ε+2. (4.9)
In particular when qε = q
−1
2 (i.e. ς = ω
−1
2 ) where ρε becomes the spin-
N−1
2 representation of
Uq(sl2), the relation (4.9) provides the identical theory between the XXZ chain of spin-
N−1
2 with
the anisotropic parameter q and superintegrable CPM at p = (ωM , 1, 1) so that the CPM transfer
matrix (2.7) (or (2.5)) serves as the Q-operator of the spin-N−12 XXZ chain.
Remark. Through the identification of XXZ and CPM in the above theorem, the substitution
t = q−2s2 in (3.43) with (m, c) = (M, 0), i.e. the Bethe equation of τ (2)-model for p = (ωM , 1, 1),
yields the following Bethe equation of the spin-N−12 XXZ chain (see, e.g. [42] (4.22)):
a(si)
L
a(qN−1si)L
= −q2Q−L
J∏
j=1
(s2j − q−2s2i )
(s2j − q2s2i )
for i = 1, . . . , J , where a(s) := sq
−1
2 − s−1q 12 . The root-of-unity spin-N−12 XXZ chain is known
to possess the sl2-loop-algebra symmetry [42]. The identical theory between XXZ and CPM in
Theorem 4.1 implies that the Onsager-algebra symmetry found in the superintegrable CPM in
[39], (or more precisely, in section 3.2 of this paper about the CPM at the superintegrable point
(ωM , 1, 1)), can be extended to the sl2-loop-algebra symmetry; equivalently to say, the root-of-
unity spin-N−12 XXZ chain indeed inherits the Onsager-algebra symmetry from the Q-operator,
compatible with the sl2-loop-algebra symmetry as indicated by the general representation theory
of these algebras in [37]. This finding provides a satisfactory answer to the question in section 4.3
of [42] about the symmetry structure of these two models.
4.2 Inhomogeneous superintegrable CPM transfer matrix as the Q-operator of
a generalized τ (2)-model
In this subsection, we identify the CPM transfer matrix with two specific vertical superintegrable
rapidities as the Q-operator of the τ (2)-model (4.8) with ςN = 1 for a positive integer N (no oddness
required). In particular when N is odd, the result provides the relation between (inhomogeneous)
superintegrable N -state CPM and the XXX chain for cyclic representations of Uq(sl2) with q
N =
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qεN = 1 by Theorem 4.1. As in section 3, we first determine the kernel of Cξ,η-operator in (3.4)
associated to the L-operator (4.8). The entries of Cξ,η are zeros except
〈n|Cξ,η|n〉 = (ξ − ω−nt)(1− ηωn), 〈n|Cξ,η|n− 1〉 = −(ξ − ω−n+1ς)(t − ηωn−1ς−1),
hence the criterion of ξ, η for the existence of a non-zero kernel vector is : ξN = ηN when ςN = 1,
and (ξN , ηN ) = (ςN , 1), (−1,−ςN ) when ςN 6= 1. Hereafter, we shall consider only the case ςN = 1,
(for odd N , corresponding to T (s) in (4.6) with a cyclic representation ρε and ε ∈ 12Z). As in
Lemma 3.2, one can show the following result.
Lemma 4.1 Let Cξ,η be the operator in (3.4) associated to the L-operator (4.8) with ς
N = 1. Then
Cξ,η is singular if and only if ξ
N = ηN . When η = ω−kξ, Cξ,η has one-dimensional kernel with the
cyclic-vector basis w =
∑
n∈ZN
wn|n〉 ∈ CN determined by
wn
wn−1
=
(ςω − ωnξ)(t− ς−1ωn−k−1ξ)
(1− ωn−kξ)(t − ωnξ) (n ∈ ZN ), (4.10)
satisfying the relations
Aη(t)w(t) = (ςω − t) (ς
−1ω−kξ−t)w(t)0
(ωξ−t)w(ω−1t)0
Xw(ω−1t),
Dξ(t)w(t) = (ς
−1ω−1 − t) (ξ−t)w(t)0
(ς−1ω−k−1ξ−t)w(ωt)0
w(ωt).
(4.11)
For η′ = ω−kξ′, the one-dimensional cokernel of Cξ′,η′ is generated by w
∗ =
∑
n∈ZN
w∗n〈n| ∈ CN∗
expressed by
w∗n
w∗n−1
=
(1− ωn−k−1ξ′)(t − ωn−1ξ′)
(ς − ωn−1ξ′)(t− ς−1ωn−k−1ξ′) (n ∈ ZN ), (4.12)
satisfying the relations
w∗(t)Aη′(t) = (ς − t) (ς
−1ω−k−1ξ′−t)w∗0(t)
(ω−1ξ′−t)w∗0(ωt) w
∗(ωt)X,
w∗(t)Dξ′(t) = (ς
−1 − t) (ξ′−t)w∗0(t)
(ς−1ω−kξ′−t)w∗0(ω−1t)w
∗(ω−1t).
(4.13)
With the identification of the variables ξ, ξ′ with x, y in (3.15), we now describe the special
cyclic vectors w(σ; k)(= w(t; x, k)) , w∗(σ; k)(= w∗(t; y, k)) in (4.10), (4.12) respectively, for σ
in the surface S (3.16) so that (4.11) and (4.13) will take a simple form. Consider the following
elements in S:
p : (xp, yp, µp) = (ς
−1ω−1, 1, 1), p′ : (xp′ , yp′ , µp′) = (ς, 1, 1), ς = ω
m (4.14)
where m ≥ 0 an non-negative integer. Instead of (3.18), we use the functions Wp,σ(n), Wp,σ(n),
Wp′,σ(n), Wp′,σ(n) in (3.30) for σ = (x, y, µ) ∈ S, n ∈ ZN . Note that by the definition of p, p′ in
(4.14), these functions are indeed defined on S (no constraint of the curve (3.28)). Define the cyclic
vector w(σ; k) in (4.10), and w∗(σ; k) in (4.12) by
µm+1
(∏m+1
l=−m(1− ωlx)
)
w(σ; k)n = Wp′,σ(n)Wp,σ(n− k)/Wp,σ(m+ 1),
µm
(∏m−1
l=−m(ω
ly− 1)−1
)
w∗(σ; k)n = Wp′,σ(−n)Wp,σ(k − n)/Wp,σ(−m).
(4.15)
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(The left factor of the second formula in above is set to be 1 when m = 0.) Then the relations
(4.11), (4.13) take the form
Aω−kx(t)w(σ) = (1− ς−1ω−1t)Xw(U−12 σ),
Dx(t)w(σ; k) = (1− ςωt)w(U2σ),
w∗(σ; k)Aωky(t) = (1− ς−1t)w∗(U1σ)X,
w∗(σ)Dy(t) = (1− ςt)w∗(U−11 σ),
(4.16)
with the following relations for the cyclic vectors,
Xiw(σ; k) = w(V −iσ; k), w∗(σ; k)X−i = w∗(V iσ; k),
where U1, U2, V are automorphisms in (3.17).
The QR, QL-operators for the L-operator (4.8) are constructed as in the case of the super-
integrable τ (2)-model in section 3.1. We replace v(σ; j − i), v∗(σ; j − i) in (3.22), (3.25) by
w(σ; j − i), w∗(σ; j − i) in (4.15) respectively, then obtain the S, Ŝ-matrices, hence the QR, QL-
operators. The relation (4.16) in turn yields the following TQ-relation
τ (2)(ω−1t)QR(σ) = (1− ς−1ω−1t)LXQR(U−12 σ) + (1− ςωt)LQR(U2σ);
QL(σ)τ
(2)(ω−1t) = (1− ς−1t)LQL(U1σ)X + (1− ςt)LQL(U−11 σ).
(4.17)
Note that by (4.15), the QR, QL-operators take the ∞- or zero-values at p, p′. We multiple the
QR, QL-operators by the factors appeared in (4.15),
µm+1
(∏m+1
l=−m(1− ωlx)
)
Wp,σ(m+ 1) =
∏m
l=0(1− ω−lx)(y− ω−l),
µm
(∏m−1
l=−m(1− ωly)−1
)
Wp,σ(−m) =
∏m
l=1
1
(1−ω−ly)(x−ω−l) .
(4.18)
(The right side of the above second relation is defined to be 1 when m = 0.) The normalized
operators,
Q˜R(σ) =
(∏m
l=0(1− ω−lx)(y− ω−l)
)L
QR(σ),
Q˜L(σ) =
(∏m
l=1(1− ω−ly)(x − ω−l)
)−L
QL(σ),
(4.19)
are the trace of monodromy matrices using the normalized local S, Ŝ-matrices:
Si,j(σ) =
(∏m
l=0(1− ω−lx)(y− ω−l)
)
Si,j = X
iw˜(σ; j − i)τi,j ,
Ŝi,j(σ) =
(∏m
l=1
1
(1−ω−ly)(x−ω−l)
)
Ŝi,j = τ̂i,jw˜∗(σ; j − i)X−i,
(4.20)
for i, j ∈ ZN and σ ∈ S, where by (4.15) and (4.18), the cyclic vectors w˜(σ; k), w˜∗(σ; k) are defined
by
w˜(σ; k)n = Wp′,σ(n)Wp,σ(n− k), w˜∗(σ; k)n = Wp,σ(k − n)Wp′,σ(−n).
We now examine the relation between Q˜L(σ)Q˜R(σ
′) and Q˜L(σ
′)Q˜R(σ) through the product function
of vectors in Ŝi,j, Sk,l (4.20):
F (σ, σ′|i, j; k, l) = w˜∗(σ; j − i)X−i+kw˜(σ′; l − k)
=
∑
n∈ZN
Wp,σ(j − n)Wp′,σ(i− n)Wp′,σ′(n− k)Wp,σ′(n− l).
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Parallel to the discussion of (3.32), the same argument leads to the constraint of σ, σ′ lying in a
curve Wk′ (3.28) so that the star-triangle relation (2.3) holds for (p, σ, σ
′) and (p′, σ, σ′). This in
turn yields the relation6
Wσ,σ′(i− k)F (σ, σ′|i, j; k, l)Wσ,σ′ (j − l)−1 =
fpσfp′σ′
fpσ′fp′σ
F (σ′, σ|i, j; k, l) (4.21)
where the function fqr is defined in (2.4). This implies
Q˜L(σ)Q˜R(σ
′) = (
fpσfp′σ′
fpσ′fp′σ
)LQ˜L(σ
′)Q˜R(σ), σ, σ
′ ∈Wk′ . (4.22)
We define the Q-operator
Q(σ) = Q˜L(σ0)
−1Q˜L(σ) = (
fpσfp′σ0
fpσ0fp′σ
)LQ˜R(σ)Q˜R(σ0)
−1 (σ ∈Wk′) (4.23)
where σ0 is an arbitrary normalized point at which both Q˜L(σ0), Q˜R(σ0) are non-singular. Then
Q(σ) for σ ∈Wk′ form a family of commuting operators satisfying the TQ-relation
τ (2)(ω−1t)Q(σ) = (1−ω
−mt)L(ω1+mx−1)L
(ωx−1)L
Q(U1σ)X
+ (1−ω
mt)L(x−1)L
(ωmx−1)L
Q(U−11 σ).
(4.24)
As in (3.36) by setting τi,j = 〈j|, τ̂i,j = |j〉 in (4.20), one can identify Q˜R, Q˜L with the CPM transfer
matrices Tp,p′ , T̂p,p′ for the two vertical rapidities p, p
′ in (4.14), Q˜R(σ) = Tp,p′(σ), Q˜R(σ) = T̂p,p′(σ)
([10] (2.15a) and (2.15b)):
〈j1, . . . , jL|Q˜R(σ)|j′1, . . . , j′L〉 =
∏L
ℓ=1 Wp,σ(jℓ − j′ℓ)Wp′,σ(jℓ+1 − j′ℓ);
〈j1, . . . , jL|Q˜L(σ)|j′1, . . . , j′L〉 =
∏L
ℓ=1 Wp,σ(jℓ − j′ℓ)Wp′σ(jℓ − j′ℓ+1‘).
(4.25)
Hence we have shown the following result.
Theorem 4.2 Let τ (2)(t) be the τ (2)-matrix (2.10) for the L-operator (4.8) with ς = ωm (m ≥ 0),
and Tp,p′ , T̂p,p′ be the CPM transfer matrices for two vertical superintegrable rapidities p, p
′ in (4.14).
Then the QR, QL-operators of the τ
(2)-model are
QR(σ) =
(∏m
l=0(1 − ω−lx)(y − ω−l)
)−L
Tp,p′(σ),
QL(σ) =
(∏m
l=1(1− ω−ly)(x− ω−l)
)L
T̂p,p′(σ)
for σ ∈ S, which satisfy the TQ-relation (4.17). The commuting relation (4.22) for the normalized
Q˜R, Q˜L-operators in (4.19), i.e. Tp,p′ and T̂p,p′ , holds when both σ, σ
′ are in a CPM curve Wk′, and
the Q-operator defined by in (4.23) satisfies the TQ-relation (4.24).
6The F (σ, σ′|i, j; k, l) is the same as Uqr(a, b, c, d) in [10] (2.28) where p, p′, q, r, a, b, c, d correspond to
p
′, p, σ, σ′, i, j, l, k here. The derivation of (4.21) here can be obtained by revising the arguments in [10] (2.18)-(2.31).
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Remark. For oddN = 2M+1, by Theorem 4.1 the τ (2)-models in the above theorem are equivalent
to the XXZ chain T (s) in (4.6) associated to the cyclic Uq(sl2)-representations ρε with ε ∈ Z. As a
consequence, the theory of the XXZ chain for a cyclic representation of Uq(sl2) with the parameter
qεN = 1 can be identified with the inhomogeneous CPM with two vertical superintegrable rapidities
p, p′. In particular when ς = ωM (equivalently ε = M), p = p′ in (4.14), which is equal to the
superintegrable element (3.40) with (m, c) = (M, 0). This again shows the identical theory between
the spin-N−12 XXZ chain and the homogeneous superintegrable CPM at p as described in Theorem
4.1. Indeed in this case, the cyclic vectors w,w∗ in (4.15) and v, v∗ (3.41) are related by
ω
1
2 (1− xN )w(σ; k) = v(σ; k), ω− 12 (yN − 1)−1w∗(σ; k) = v∗(σ; k),
by which, arguments in Theorems 4.2 and 3.1 are equivalent.
5 Concluding Remarks
In this article, we have successfully constructed the superintegrableN -state CPM transfer matrix as
the Q-operator of the XXZ chain for cyclic Uq(sl2)-representations with Nth root-of-unity property
for odd N . By converting the root-of-unity XXZ chain with cyclic representations of Uq(sl2) for
qN = 1 to a special one-parameter family of generalized τ (2)-models (4.8), we construct the QR, QL
and Q-operators of those Nth-root-of-unity τ (2)-models by the Baxter’s method of producing the
Q72-operator in the root-of-unity eight-vertex model [3]. With a correct identification of parameters
in the Q-operator construction from the τ (2)-model, the Boltzmann weights of CPM are found to
express the QR, QL-operators, which are identified with transfer matrices in the theory of super-
integrable CPM with two vertical rapidities. We also apply the techniques to the superintegrable
τ (2)-models (3.38), thus obtain the transfer matrices of homogeneous superintegrable CPM as the
QR, QL-operators. We describe the steps in some detail for the special superintegrable τ
(2)-model
(2.15) in section 3.1 as it will serve as a model example of constructing Q-operator for the sym-
metry study of other lattice models. As a result of our working, the spin-N−12 XXZ chain model
and the superintegrable CPM are unified into one single theory for odd N (Theorem 4.1), which
provides a satisfactory connection between these two models in both qualitative and quantitative
aspects. Further possible extension to root-of-unity XXZ spin chain of other higher spins seems
somewhat subtle, but the work is under consideration. For the Q-operators in section 4.2, the CPM
transfer matrices we obtain here is an inhomogeneous one with two vertical rapidities, a significant
difference from those homogenous CPM in section 3. The finding suggests that there should be a
relationship between inhomogeneous CPM theory and the generalized τ (2)-models. The connection
is not immediately apparent, and much remains to be discovered in this direction.
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